We present a description of electrons propagating in an elliptically polarised, plane wave background which includes circular and linear polarisations as special cases. We calculate, to all orders in the background field, the two point function and relate it to various expressions found in the literature. The background field induced mass shift of the electron is shown to be polarisation independent in the full elliptic class. The matrix nature of this mass shift in the fermionic theory is discussed. The extent to which a momentum space description is possible for this system is clarified.
I. INTRODUCTION
High intensity lasers are becoming an attractive testing ground for exploring new regimes in the standard model [1] [2] . The Volkov description [3] of an electron in a plane wave background provides the equivalent of the free solution in quantum electrodynamics. It is an all orders, exact solution displaying the key new features for this type of intense interaction. They include a laser induced electron mass shift and the loss of translational invariance [4] [22] , the plane wave solution for matter fields in a laser is still widely used and provides much insight into the physics of matter in extreme conditions.
The Volkov solution has been studied extensively for circular and linear laser polarisations in both scalar and fermionic versions of electrodynamics. These polarisations can be understood as limiting cases of the wider class of elliptical polarisations. We note that vacuum birefringence, through polarisation flipping [23] [24] , is supposed to generate the wider elliptical class from, say, an initial linear polarisation.
In this paper we will study electrons in an elliptically polarised plane wave background and through this will identify which structures in the Volkov solution depend upon the eccentricity of the polarisation. We will also see that the total averaged electromagnetic energy is independent of the eccentricity.
In section II we will introduce the elliptically polarised laser field and relate our description in terms of the eccentricity to the Stokes' parameters. Then, in section III, we will solve the Dirac equation in a general elliptical background and show that the mass shift is independent of the eccentricity of the polarisation. We will consider linear and circular polarisations as limits of our general case. Following this, in section IV, we will calculate the two point function for the electron in this general background and show how to make contact between various formulations in the literature. Two appendices contain details of the calculations and a new class of Bessel functions which are required to describe the full elliptical class of polarisations.
II. THE ELLIPTIC LASER FIELD
An elliptically polarised plane wave with null momentum k µ is described by the classical potential A c where
The orthogonal amplitudes in this potential are taken to satisfy the light cone gauge conditions that
and the spacelike normalisation that
The eccentricity parameters in (1) are defined by τ ± = √ 1 ± τ 2 , where τ determines the overall eccentricity of the laser field. In particular, circular polarisation corresponds to τ = 0 and linear to τ = 1.
The geometric eccentricity of an ellipse is related to the above eccentricity parameter by identifying the major axis as pointing along the direction of the vector a µ 1 , the minor one is then along the vector a µ 2 . Using standard properties of such ellipses, we have
From this we see that the eccentricity parameter τ is less than the geometric eccentricity for all polarisations between the circular and linear limits.
One of the key physical consequences of this description of the full elliptic class of polarisations is that the total averaged electromagnetic energy is independent of the eccentricity.
This follows directly from the electromagnetic potential (1) since the electric and magnetic fields can be easily calculated and squared. Averaging over a laser cycle will then remove eccentricity dependent cross terms and result in an expression proportional to (τ
which is independent of τ .
The single, unified framework of (1) describes an experimental set up with fixed laser energy for any polarisation in the elliptic class. Note that, within this approach, the averaged value of the field amplitude, (A c ) 2 , is polarisation dependent. If we had kept the averaged amplitude fixed within this class, then the averaged energy would be polarisation dependent.
The expression (1) for the background laser field, given in terms of the amplitudes a 1 , a 2 and the eccentricity parameters, can be simplified by introducing the complex laser amplitude A µ defined by
Here we have absorbed the coupling into the complex laser amplitude to make clear that the relevant expansion parameter is proportional to ea, and that the size of this determines whether we are in the weak field, |A| < m, or strong field, |A| > m, regime where m is the electron mass.
In terms of this complex amplitude the original real amplitudes and eccentricity parameters are recovered by noting that ea
The modulus of this amplitude is particularly simple since
which we note is independent of the polarisation. This will be important below when we look at the mass of the associated charged particles. We also note that in the limit of linear polarisation A µ is real while for all other polarisations it is complex. In addition, due to the orthogonality of the real amplitudes in the laser potential, A 2 is real for all polarisations and vanishes for circular polarisation.
This description of the laser field directly in terms of the eccentricity parameter will allow for a direct route to the quantum theory, but this is not the way such laser configurations are usually discussed, see for example [25] , [26] and [27] . To translate into the more familiar Stokes' parameter approach to polarisation, we recall that the amplitudes in the potential (1) satisfy the orthogonality condition (2). If we take the laser to be pointing in the x 3 direction, then we can write
where Λ 1 and Λ 2 are undetermined constants. From (3) we see that
Inserting these expressions into the description of the complex laser amplitude (5), allows us to identify the polarisation density tensor for this elliptically polarised laser as
where
here generalised for the full elliptic class, are called the Stokes' parameters.
This polarisation tensor is not invariant under rotations in the transverse plane and under such a transformation through an angle θ, represented by the matrix R(θ), we have
with Q ′ = Q cos 2θ + U sin 2θ and U ′ = U cos 2θ − Q sin 2θ. This rotation of two of the Stokes' parameters and the invariance of the third, is best understood by looking at the circular and linear limits.
For circular polarisation, where τ = 0, we have Q = U = 0 and V = ±I. The choice in sign of V corresponds to either left (V = I) or right (V = −I) circular polarisation. Clearly, a rotation will not affect this result, and this is encoded in the above invariance of V .
In the linear limit, where τ = 1, we have V = 0 while
Now through a rotation we can set β = 0, in which case Q = I and U = 0 giving a horizontal polarisation. Or we can rotate so that α = 0, which does not change U = 0 but flips Q so that Q = −1, corresponding to a vertical polarisation. Alternatively, we can rotate so that α = ±β so that now Q = 0 while U = ±I and this corresponds to a linear polarisation of
Our expression (8) for the polarisation tensor has thus allowed for a precise identification of the Stokes' parameters for this full elliptic class. We have also seen how to recover the more familiar circular and linear eccentricity limits for these parameters. We shall see in the next section that quantising in this background is best addressed using the eccentricity parametrisation of the polarisation rather than the Stokes' description. The dictionary implicit in (8) allows a simple translation back into the parameters more familiar to the wider laser community.
III. QUANTISED MATTER IN A LASER
The interaction of matter with the plane wave background (1) is achieved through the usual minimal coupling prescription whereby the derivative ∂ µ is replaced by the covariant derivative ∂ µ +ieA c µ in the equations of motion for the matter. The structure of the potential (1) allows for an exact description of this interacting theory [3] , and we will refer to this as the Volkov solution. The route to the quantum description of such an interacting theory will now be based upon this Volkov solution rather than the free theory.
In references [13] and [15] the quantisation of both scalar and fermionic matter propagating in circular and linearly polarised backgrounds were addressed, but the analysis was restricted to the translationally invariant part of the two point function. We now extend that analysis to both the full elliptic class and the complete two point function. Through this we shall identify the eccentricity dependencies of both the mass and wave function normalisation, and delineate the impact of the laser background on translational invariance.
In this paper we consider only the interactions of the electron with the background field, i.e., we neglect all photons that are not degenerate with the laser background. Working in the Heisenberg picture appropriate to these interactions, the Volkov field ψ V (x) satisfies the coupled Dirac equation
where / ∂, for example, is the Feynman slash notation, and V (α) (p). In the Volkov background, the solution to (11) has a similar structure and we
where the integration measure notation absorbs factors of 2π so thatd
We will now unpick the details of this solution. The Volkov spinors U V and V V are defined in Appendix A along with the Volkov creation and annihilation operators.
Before looking at the fermionic pre-factor, F (x,p), and distorted plane wave term, (12), we note that in these expressions the momentump = (E * p , p) satisfies the shifted on-shell condition of the so called quasi-momentum:
An important feature, revealed here by studying the full elliptic class, is that the mass shift seen in (15) is polarisation independent due to (6) so that, for the full elliptic class,
This result is not evident when the extreme cases of circular and linearly polarised lasers are considered separately. A mass-shift of δm 2 = − 1 2 e 2 a 2 is commonly quoted for linearly polarised lasers, while for circularly polarised lasers a mass shift of δm 2 = −e 2 a 2 is given.
This apparent difference can be traced back to different normalisations of the two laser fields and hence the total energy being considered. Within the elliptic class, using a common total energy, the mass shift is seen to be independent of the eccentricity.
The fermionic pre-factor F (x,p) in (12) is found to be
This can be written as
where we define / A * = A * µ γ µ , that is we do not take the complex conjugate of the Dirac matrices.
In addition, from (12) and (13), we see that the laser background distorts the plane waves of the free theory which, in this interacting theory, become
where we have introduced J τ n (p), an elliptical generalisation of the Bessel functions, which we call eccentric Bessel functions. Their properties are discussed in Appendix B. The variables ω 1 ,ω 2 andv in the upper line of (19) are given bȳ
The bar over these variables indicates their construction out of the on-shell momentump, as in (14) . Later, when this momentump is extended off shell and written as p, all these variables will also lose their bars.
Note that in the limit of linear polarisation, where A µ is real, we havē
while for circular polarisation we havē
In terms of the original amplitudes, this circular limit has the simple form
It is important to note that there is a residual gauge freedom present in our description of the background field (1) given by A 
Transformations of this form preserve the elliptic class and act on the amplitudes to give
Through this the undetermined parameters in (7) can be eliminated, thus simplifying the route to the Stokes' parameters.
In terms of the complex amplitude A µ these gauge transformations become
and we see that both A 2 and A·A * are invariant under this residual gauge freedom. Hence the mass shift (15) is also gauge invariant. Furthermore, from (20) and (21), we have
Tracing these changes through (19) and (12) then leads to the expected background field residual gauge transformation property within this elliptic class:
In this section we have presented the solution to the Dirac equation in an elliptically polarised plane wave background, and we have seen the polarisation independence and residual gauge invariance of the various manifestations of the fermionic mass shift. Next we will turn to constructing the propagator and, more generally, the two point function for an electron in such a background.
IV. THE TWO POINT FUNCTION
The Volkov field for the elliptic class of polarisations can now be used to construct the two point function through the (Volkov) vacuum expectation values of the time-ordered product of such fields. Extending the arguments given in [15] for the linearly polarised laser, we find for the full two point function
In this expression we see the expected normalised fermionic propagator with off-shell momentum p µ but with several additional structures.
The free propagator-like term in (29) is enclosed between wave function normalisation factors, constructed out of the eccentric Bessel functions introduced in Appendix B, given by
and
which is the adjoint normalisation factor defined via
The next thing to notice is that translational invariance has been partially lost in (29) due to the phase factors in front of the integral. This obstructs a fully momentum space description of the two point function. This is not a surprise and simply reflects the existence of the fixed laser background. What is interesting to note, though, is that a fully momentum space description can be recovered if k·x or k·y vanishes. Also, the diagonal part of the two point function, where n = r, is fully translational invariant.
Finally, the two point function (29) contains a matrix mass shift given by
As well as the unusual feature of this being a matrix [15] , the relative sign in the numerator, m − δ / m, looks surprising. It can be understood in this fermionic theory by rewriting
where we have used (15) . We emphasise again that this shows that both manifestations (15) and (33) of the mass shift in this fermionic theory are gauge invariant and independent of the polarisation within this elliptic class of backgrounds.
Our expression (29) for the two point function explicitly brings out the mass shift caused by the laser background. Other approaches to the Volkov field, for specific polarisations, write the two point function in different ways and we will now see how to make contact with such approaches for the full elliptic class.
It is possible to rewrite (29) in a more familiar form where the mass shift is, though, not manifest. To do this, shift the momentum in (29) by
This leads to the following expression for the two point function
and the mass shift has been absorbed into the phase.
The factor, E(x, p), may also be rewritten by inserting expressions (30) and (31) for the normalisation factors, and then, through shifts in the sum, extracting an overall eccentric Bessel function to get
From (17), (18) and our definition (B5) of the eccentric Bessel functions, this becomes
This then rapidly leads to the expression that
where the phase factor includes integrals over the background potential
The formal expression (39) for the Ritus matrices [28] assumes that there are appropriate boundary conditions defined so that the lower limit in the integral (40) does not contribute.
An alternative way to rewrite (29) is to focus on the factors leading to the break down in translational invariance, and try to minimise their impact on the overall structure of the two point function. The pre-factor in (29) 
or e ink·x e −irk·y = e i(n−r)k·x e irk·(x−y) .
The translation invariant part of either of these can then be absorbed into the integral by shifting either p → p + nk or p → p + rk and redefining the dummy variables in the sum.
This leads to two alternative but complementary ways for writing (29) as either
In contrast to (29) , in both of these expressions for the two point function, the central propagator like structure now depends on one of the momentum summations. This exposes the sum over sideband poles interpretation of the two point function seen earlier for specific polarisations [29] . This description in terms of sidebands naturally emerges in perturbative calculations in weak laser background [13] , [15] , and thus offers an attractive route to the introduction of loop corrections and the associated renormalisation process.
V. CONCLUSIONS
In this paper we have seen how to formulate a description of a fermion propagating in an elliptical class of laser backgrounds. This class includes both linear and circular polarisations as particular limits of the eccentricity parameter. Through this we have seen how to identify eccentricity dependences in the structure of the Volkov field and its two point function.
An unexpected result that emerges from working in this full class of polarisations is that the (matrix) mass shift is independent of the eccentricity of the background field. Different values of the mass shift in the literature are understood as arising from different choices of normalisation of the background field. We have seen how this normalisation can be motivated physically in terms of the overall energy of the system, which is conserved within this elliptic class.
Although the presence of any laser field violates translational invariance, we have seen that it is still possible to develop a momentum space description of the two point function in conjunction with phase factors that contain the translation non-invariant physics.
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Appendix A: Volkov field details
In this appendix we will sketch how the solution of the Dirac equation (11) in an elliptically polarised plane wave background is obtained.
From (12) we see that the derivative acts upon the terms F (x,p)D(x,p). Using (18) and (19) we obtain
and equivalently
Note that in both of these equations we see that the action of the Dirac equation has been pulled through to now act upon the spinors in (12) .
Then, in order for (11) to be solved, acting on the spinors we need
From (6) these equations are independent of the eccentricity of the polarisation.
We can now construct the Volkov spinors by boosting the static spinors
We define
With these conventions we have the inner products
as well as the tensor products
and 
then we have e ia sin θ e ib sin 2θ e ic cos θ = n e inθ J n (a, b, c) =
where the final expression uses the condensed notation used in the main part of this paper.
